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Abstract
We construct a Leibniz bracket on the space Ω•(Jk(pi)) of all differential forms over
the finite-dimensional jet bundle Jk(pi). As an example, we write Maxwell equations with
sources in the covariant finite-dimensional hamiltonian form.
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The multisymplectic approach to classical field theory allows us to write the field equations in
manifestly covariant finite-dimensional hamiltonian form (see [1] for a review) in contrast to the
canonical approach based on the 3+1 splitting which is noncovariant and infinite-dimensional.
However, there is still a difficulty with writing the Poisson brackets in the multisymplectic ap-
proach (see [2]). Kanatchikov [3, 4, 5] was the first who realized that the notions of vertical
differential and Leibniz bracket are necessary to solve this problem1. However, the attentive
reader should observe that Kanatchikov’s ideas does not fit naturally into the usual multisym-
plectic framework. Instead, in the present paper we use the Poisson multivector which has the
same degree 3 for any number of ”space” and ”field” dimensions [see eq. (6) below]. Also we
systematically use the notion of derived bracket introduced by Y. Kosmann-Schwarzbach [9, 10]
(see also [11]) who also mentioned that the usual Poisson bracket of functions may be considered
on this way. As an example we write Maxwell equations with sources in the Hamiltonian form.
Suppose DV and DH are two transversal involutive distributions on a smooth manifold E,
so TE = DH ⊕ DV , and let IV (resp. IH) be an ideal in Ω
•(E) whose elements annihilate
distribution DV (resp. DH). Let
Ωp,q = IpHI
q
V ∩ Ω
p+q(E),
where e.g. IpH means the p-th power of the ideal IH . Since dIV ⊂ IV and dIH ⊂ IH due to the
Frobenius theorem, we see that
dΩp,q ⊂ Ωp+1,q ⊕ Ωp,q+1,
so we can define horizontal and vertical differentials dH : Ω
p,q → Ωp+1,q and dV : Ω
p,q → Ωp,q+1
such that
d2H = dHdV + dV dH = d
2
V = 0.
We will consider two particular cases.
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1Note also the papers Cantrijn, Ibort and de Leon [6] and Forger, Paufler and Ro¨mer [7]. These authors do
not use the vertical differential and handle the narrow class of differential forms only (the so-called hamiltonian
forms). On the other hand, the bracket proposed by Grabowski [8] is defined on the whole space of differential
forms but fails to satisfy any version of Leibniz rule.
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1. E = J∞(π) for some vector bundle π : M → B, DV and DH are vertical and Cartan
distributions respectively (see e.g. Sec.3.1 of [1]). We denote the corresponding differentials
as dCV and d
C
H .
2. E = Jk(π) for some k > 0, DV is the vertical distribution, DH is an orthogonal comple-
mentary distribution wrt some pseudo-Riemannian metrics g on E (we assume that the
restriction of g onto DV is positive-definite). We denote the corresponding differentials as
dgV and d
g
H .
Let K =
∑
iK
i be a graded module over an arbitrary field k of characteristics zero and let
HgrK =
∑
j Hgr
j K be a set of all graded endomorphisms of K, Hgrj K : Ki → Ki+j . Let
F ∈ Hgr|F |K etc. and let [·, ·]: HgriK × Hgrj K → Hgri+j+f K be a k-bilinear operation on
HgrK ×HgrK satisfying the identities
[F, [G,H ]] = [[F,G], H ] + (−1)(|F |+f)(|G|+f)[G, [F,H ]] (1)
[F,G ◦H ] = [F,G] ◦H + (−1)(|F |+f)|H|G ◦ [F,H ] (2)
for some fixed f ∈ Z. The property (1) is an analogue of Jacobi identity (sometimes called the
Leibniz one) and (2) means that [·, ·] is a graded derivation of degree f on the second argument
wrt the composition of endomorphisms of K. Note that [·, ·] is not necessarily skew-symmetric.
If (1) and (2) hold then we say that [·, ·] is a Leibniz bracket of degree f on HgrK.
Theorem 1 ([9]). Let [·, ·] be a Leibniz bracket of degree f on HgrK and let δ ∈ Hgr|δ|K such
that [δ, δ] = 0. Then the bracket
[F,G]δ = [[F, δ], G]
is again a Leibniz bracket of degree f + |δ| on HgrK called the derived bracket of [·, ·].
For example, the graded commutator [F,G] = F ◦G− (−1)|F ||G|G ◦F is a Leibniz bracket of
degree 0 on HgrK. In the sequel [·, ·] means the graded commutator on HgrK.
Now let K = Ω•(E) and let Ω•(E) be a k-module of smooth multivector fields on E (this
notation is nonstandard). Then it is well known that any X = X1 ∧ . . . ∧Xn ∈ Ωn(E) defines a
map iX ∈ Hgr
n(Ω•(E)) as
Ω•(E) ∋ α 7→ iX(α) = X1 (. . . (Xn α))
and the mapX 7→ iX is an injective anti-homomorphism of k-algebras (Ω•(E),∧) →֒ (Hgr(Ω
•(E)), ◦)
i.e iX∧Y = iY ◦ iX and if iX(α) = 0 for all α ∈ Ω
•(E) then X = 0.
Proposition 1. (a) The image of Ω•(E) in HgrΩ
•(E) is stable under the derived bracket [·, ·]dg
V
,
so we can define the vertical Schouten-Nijenhuis bracket [[·, ·]] of multivector fields as
i[[X,Y ] = [[iX , d
g
V ], iY ].
(b) If f ∈ C∞(E) and X ∈ Ω•(E), then [[X, f ]] = −i¯(d
g
V f)X, where i¯ is the conjugate
insertion operator (see [12, 13]).
(c) Suppose X = X1 ∧ . . . ∧Xp and Y = Y1 ∧ . . . ∧ Yq are multivector fields, then
[[X, Y ]] =
∑
i,j
(−1)i+j[[Xi, Yj]] ∧X1 ∧ . . . Xˆi . . . ∧Xp ∧ Y1 ∧ . . . Yˆj . . . ∧ Yq.
Proof. Let X, Y ∈ Ω1(E), then (a) may be easily proved considering a certain trivialization of π
[see eq. (5) below]. On the other hand, using (1) we see that [[X, Y ]] = (−1)|X|+|Y |+|X||Y |[[Y,X ]]
since [iX , iY ] = 0. Then for arbitrary X, Y the statement (a) may be proved by induction on
their orders using (2). The statement (c) may be proved analogously (cf. [12] for the case of
ordinary Schouten-Nijenhuis bracket).
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Note that the pseudo-Riemannian metrics g defines an isomorphism ♭ : Ω1(E) → Ω
1(E) as
X♭(Y ) = g(X, Y ) which can be extended to an isomorphism (Ω•(E),∧)→ (Ω
•(E),∧) of exterior
algebras due to the functoriality of the exterior algebra construction. The inverse isomorphism
we denote as ♯.
Let P ∈ Ω|P |(E) be such that [[P, P ]] = 0. Define the Poisson-Leibniz bracket on Ω
•(E) as an
image of the derived bracket of [[·, ·]]:
{α, β}P = [[[[α
♯, P ]], β♯]]♭.
Let s : B → M be a section of π and let j∞(s) : B → J∞(π) be the infinite jet of s. Consider
the equation
[j∞(s)]∗
(
dCHϕ− {χ, ϕ}P
)
= 0. (3)
We claim that (3) defines hamiltonian evolution corresponding to the potential energy χ, classical
observable ϕ and Poisson multivector P . Note that we do not need any kinetic terms in χ.
Suppose ϕ, ψ ∈ Ω•(E) obey (3) for the same section s and suppose P is of odd degree. Then
it is easily seen that ϕ ∧ ψ obeys (3) too.
Consider the trivial vector bundle π : Rn × Rm → Rn. Let xi (i, j, . . . = 1, . . . , n) be
coordinates on B = Rn and let uα (α, β, . . . = 1, . . . , m) be coordinates on fibers of π. Then
coordinates of J∞(π) have the form (xi, uαI ), where I runs over all sequences of indices I =
(i1, . . . , il) (the empty ”sequence” is included as u
α
{∅} = u
α) and uασ(I) = u
α
I for all permutations
of I. On the infinite jets of sections uα = sα(x) of π we have
[j∞(s)]∗ uαI =
∂lsα
∂xi1 . . . ∂xil
. (4)
Define a certain pseudo-Euclidean metrics on the fibers of Jk(π) → B for some k ≥ 3, then
∂/∂xi, i = 1, . . . , n span the horizontal distibution DH and differentials take the form
dgV f =
∂f
∂uαI
duαI ,
dCHf =
(
∂f
∂xi
+
∂f
∂uαI
uαI+i
)
dxi,
where f ∈ C∞(J∞(π)) and I + i is the multiindex obtained by insertion of i into I.
It is easily seen that the vertical Schouten-Nijenhuis bracket of vector fields
X = X i
∂
∂xi
+XαI
∂
∂uαI
, Y = Y j
∂
∂xj
+ Y βJ
∂
∂uβJ
is equal to
[[X, Y ]] =
(
XαI
∂Y j
∂uαI
∂
∂xj
+XαI
∂Y βJ
∂uαI
∂
∂uβJ
)
− (X ↔ Y ). (5)
Consider a multivector P ∈ Ω3(E) of the form
P = ηαβηIJ
∂
∂uαI
∧
∂
∂uβJ+i
∧
∂
∂xi
(6)
for some constant matrices ηαβ and ηIJ . It is easily seen that [[P, P ]] = 0. For the first order
theories considered below we put η{∅}{∅} = 1 and ηIJ = 0 unless I = J = {∅}.
Let n = 1, then inserting ϕ = uα1 into the lhs of (3) we obtain the following equations which
should be valid on sections of π:
uα11 = −η
αβ ∂χ
∂uβ
.
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Put m = n = 4 (the indices will be denoted as µ, ν, . . .) and ηµν = diag(+1,+1,+1,−1). Let
χ = uµjµ/3 for certain j
µ = jµ(x), then inserting the classical observable
ϕ =
1
2
εµνρσu
ν
µ dx
ρ ∧ dxσ
into lhs of (3), we obtain
uµνρη
νρ − ηµνuρνρ = j
µ. (7)
Using (4) we see that (7) are equivalent to ordinary Maxwell equation with uµ being vector-
potential. This means that description of electromagnetic field given above is not gauge-covariant.
See also [14] for the description of gauge fields within the usual multisymplectic approach.
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